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Iterative Space-Marching Method for Compressible
Sub-, Trans-, and Supersonic Flows
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A new iterative fully coupled implicit space-marching method is proposed for solving the two-dimensionalsteady
Euler equations for compressible flows at Mach numbers ranging from subsonic to supersonic. A special treatment
of the streamwise pressure gradient component permits us to calculate both supersonic flow regions, where the
Euler equations are hyperbolic, and subsonic regions, where the equations reveal elliptic properties. To take into
account the elliptic effects of subsonic and transonic flows, space-marching sweeps are carried out iteratively.
A new parabolic pressure correction procedure is developed to accelerate the convergence rate. This procedure
can be applied for subsonic and transonic regimes and is consistent with the characteristic analysis of the Euler
equations. At each marching station,a Newton iterative technique is used to solve the nonlinear system of equations
in a fully coupled manner. To resolve strong shocks and contact discontinuities as well as smooth flowfields with
high accuracy, implicit symmetric second-order total variation diminishing and upwind second-order Richardson
schemes are employed to approximate the transverse and streamwise derivatives, respectively. The method is
tested on the problem of the flow in a duct with a circular arc bump for different Mach number regimes. Numerical
calculations show that the method is accurate, is robust, and can efficiently be applied for calculating subsonic,
transonic, and supersonic flows without streamwise separation.
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= eigenvalues of 3F/aU

= speed of sound
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= inviscid flux vectors in curvilinear coordinates
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= the corrected numerical flux vector consistent
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&, n = general curvilinear coordinates

&, &y, ne, my = metric coefficients

P = gas density

c = safety factor

T = relaxation parameter, 0 <7 <1

10} = parameter for the pressure gradient splitting,
I<wo<l

Subscript

—00 = far upstream values

Superscripts

in = inflow values

k = kth local Newton iteration
[ = [th vector component

n = nth global iteration

out = outflow values

= dimensional quantities

I. Introduction

NUMBER of space-marching methods have been developed

for calculating both incompressible and compressible flows.
These methods can be divided into two parts: 1) methods for solv-
ing the incompressible form of the reduced or full Navier-Stokes
equations' * and 2) methods for solving the compressible form
of the reduced Navier-Stokes equations for super- or hypersonic
flows.> 1!

The firstclass of methodshave been elaboratedforincompressible
or low Mach number flows. To resolve the elliptic effects of essen-
tially subsonic or incompressible flows, multiple space-marching
sweeps are carried out with respect to the streamwise pressure gra-
dient component that is approximated by forward differences and
treated as a source term in the whole computational domain. This
treatment of the pressure gradient term permits information to be
propagated in the upstream direction that corresponds to the ellip-
tic nature of incompressible or quasi-incompressible flows. This
approach has successfully been applied to calculate incompress-
ible viscous flows with strong streamwise separation.! * However,
these methods cannot be directly used for calculating transonic and
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supersonic flow regions, where the steady Euler equations reveal
hyperbolic-elliptic and hyperbolic properties, respectively.

The second class of methods can be employed for predicting
supersonic viscous flows with a thin subsonic layer’ 1* or flows
with local subsonic regions (such as a blunt-body nose region) em-
bedded into the main supersonic stream.!! The principal difference
between methods belonging to the second class is the treatment of
the streamwise pressure gradientcomponent in subsonic flowfields.
In the single sweep procedure offered by Vigneron et al.” for the
parabolized Navier-Stokes equations describing weakly interacting
flows, the streamwise pressure gradienttermis neglectedin subsonic
regions. For that reason, this approach may result in either consid-
erable errors for essentially transonic flows or completely wrong
solutions for fully subsonic flows. Another procedure has been de-
veloped in Ref. 9. In this method, the pressure gradient term in a
thin subsonic sublayernear the body surface is estimated at the first
grid point where the flow is supersonic. The sublayer approxima-
tion is based on the asymptotic boundary-layer theory appropriate
for high-Reynolds-numberflows along walls with a small curvature.
However, this technique cannot be used for simulating essentially
transonic or completely subsonic flows, where the sublayer approx-
imation is not valid. The most general approachis to retain the pres-
sure gradientterm in subsonicregionsand approximateit by forward
differences,!%!! so that the downstream pressure is taken from the
previous iteration and treated as a source term that corresponds to
the elliptic properties of subsonic flows. This approximation com-
bined with the streamwise pressure gradient splitting’ is used in the
presentstudy and enables one to calculate compressible sub-, trans-,
and supersonic flows.

At each marching station, the nonlinear system of equations re-
sulted from the discretizationprocedure has to be solved. There are
three basic approaches to solve this problem: 1) a coupled noniter-
ative method,” 2) a coupled quasi-time-dependernt method,® and 3)
an uncoupled or semicoupled iterative method.””!' The main dis-
advantage of the first one is an error introduced by the approximate
factorization of the nonlinear equations. It may result that some im-
portant physical phenomena can be distorted or even be lost due to
the linearization. The principal drawback of the second approach
is that the convergence rate of the iteration process is rather slow
because of the presence of the fictitious time-dependentterm in the
governingequations. One of the shortcomingsof the third technique
is its sensitivity to changes of initial data or geometry because the
velocity components and pressure are computed from different al-
gorithms in a decoupled manner. To overcome these problems, a
fully coupled iterative method is proposed. The method is based
on a Newton iterative approach applied to the system of nonlinear
equationsrather than to each equation separately. It reduces the fac-
torization error to zero and permits us to solve the nonlinear set of
equationsin a fully coupled manner.

It is well known that the convergence rate of a usual multiple
space-marchingprocedureis slow if subsonicregions arelarge. Sev-
eral strategies have been developed to accelerate the convergence.
One of the widely used approaches is the semi-implicit pressure-
correctionmethod of Patankar and Spalding'? based on the solution
of a Poisson equation for pressure or its generalizations!* !> Be-
cause this procedurein its standard form leads to an ellipticequation
for pressure or pressure correction, it is not consistent with hyper-
bolic propertiesof transonicand supersonic flows. Furthermore, this
approach is very time consuming because the elliptic equation for
pressure must be solved at each global iteration. Another pressure
correction procedure has been proposed by Davis et al.'® The main
idea of the method is to introduce a fictitious time-dependent term
into the streamwise momentum equation. Despite the fact that the
solutionof the hyperbolicequationis shortcompared with computa-
tional efforts required for one space-marching sweep, there are two
main drawbacks of that approach. First, the pressure-correctionpro-
ceduremay lead to numericalinstabilitiescaused by the lack of diffu-
sive mechanismsin the transversedirectionresultingin considerable
skewing of the transverse pressure profiles. Second, the introduc-
tion of the time-dependentterm into the global iteration procedure
essentially decreases the effectiveness of the algorithm especially
for transonic flows. To combine the diffusive effects of the Poisson
equation with the signal propagation properties of the hyperbolic

algorithm, a parabolic pressure-correction procedure elaborated in
Ref. 4 for incompressible flows is generalized in the present paper
to calculate compressible flows at all speeds. In contrast to the pro-
cedure developedin Ref. 4, the present techniqueis consistent with
the characteristics in regions where the Euler equations are hyper-
bolic, and consequently,it can be employed for subsonic, transonic,
and supersonic flows.

An implicit space-marchingmethod based on the global pressure
relaxation procedure has been elaborated in Ref. 17 to solve the
steady Eulerequationsfor subsonic, transonic,and supersonicflows.
In this approach the equations are solved in a decoupled manner by
using two-pointbackward differencesfor the streamwise derivatives
and central and trapezoidal rule approximations for the transverse
derivativesthat makes the method very sensitive to the grid spacing.
Therefore, a very fine grid has to be used to provide stability of the
space-marching sweep and to resolve shock waves with sufficient
accuracy. In turn, it considerably decelerates the convergence rate
because no pressure correction has been made and information is
propagated one station upstream per iteration.

The main purpose of the present work is to develop an itera-
tive fully coupled space-marching method applicable at all Mach
numbers. This high-resolutionmethod using the parabolic pressure-
correction procedure can efficiently be employed to calculate both
smooth subsonic flows and transonicor supersonicflows with strong
shocks, contact discontinuities, and rarefaction waves and their in-
teraction with high accuracy by using a moderate number of grid
nodes.

II. Governing Equations and Boundary Conditions
A. Governing Equations

The nondimensionalizedtwo-dimensionalsteady Euler equations
in Cartesian coordinates can be written in the strong conservation
law form as

oE OF
— +—=0 (D)
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The system of equations (1) is closed using the equation of state for
a perfect gas flow, which is given by

e, =pl(y = 1)+ (p/2)(u* +v?)

The nondimensionalized variables in Eq. (1) are defined in the fol-
lowing manner:
x=x'/L', u=u/V'_,,

y = y,/l‘/’ vV = V// V/—oo

p=plp. P=pPIp V2, e=elp V7,
To simplify the treatment of arbitrary geometries, a general co-
ordinate transformation
¢ =&(x, y), n=nx,y) 2
is used to map a physical domain with curvilinear boundaries onto
a unitsquare. As a result of this transformation, the Euler equations
can be represented in the strong conservation law form as follows:

oE oF
— +—=0
0§  0n
E=1/J(EE+ &F), F=1/J(nE + n,F) 3)

where the Jacobian of the mapping is given by

7= o(&, m

= =&y —&ne =
3(x, y) Y

XeYn = XnYe
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B. Boundary Conditions

To close the governingequations (3), boundary conditions should
be specified. In the present analysis only channel flows are consid-
ered. Therefore, without loss of generality it is assumed that the
physical domain is bounded by four boundaries. The left and right
boundaries correspond to the inflow and outflow, accordingly, and
the upper and lower boundaries are the duct walls.

Furthermore, we assume that the inflow and outflow boundaries
are far enough upstream and downstream, respectively, so that the
flow is uniform there. Hence, the locally quasi-one-dimensioml
approach based on the theory of characteristics can be applied to
impose the appropriate boundary conditions at these boundaries.

If the inflow is supersonic, all flow quantities are prescribed at
the upstream boundary:

U|§=0 =Uy(n) 4)

If the inflow is subsonic, the boundary conditions corresponding
to the characteristicsC* and C° coming from outside of the physical
domain are specified by the Riemann invariant along C* and the
value of the constant in the isentropic pressure density relation

2c n 2cin
v+ =v +
7y = 1]eoo y—1
in v
SLCH P 2 =0 5)
P le=0 (p™m) Ule—g

At a supersonic downstream boundary, no boundary conditions
are prescribed. As follows from the characteristicanalysis, at a sub-
sonic outlet boundary a boundary condition for the static pressure
shouldbe imposed. In the present work, this conditionis replaced by
the Riemann invariantthat correspondsto the characteristicC ~ com-
ing from outside of the physical domain to the outflow boundary:

v =[2e/(y = Dlle=y =v*" = [2¢™/(y = D] (6)

At the solid impermeable duct walls, the contact conditions for
the normal velocity component are used:

V-nl,o =V -nl,-, =0 (7)

III. TIterative Space-Marching Method

For subsonic flow regions the system of partial differential equa-
tions (3) is elliptic with respect to the spatial coordinate &, which is
assumed to be close to or coinciding with the main flow direction.
As it follows from the theoretical analysis, the initial-value problem
is ill posed for an elliptic system of equations. Hence, it is impos-
sible to solve the Euler equations for stationary subsonic flows by
using a noniterative space-marching technique.

However, if the streamwise pressure gradientcomponentis spec-
ified and can, therefore, be treated as a source term, the Euler
equations altered this way are hyperbolicat all flow speeds.'® Con-
sequently, the modified Euler equationscan be solved for one space-
marching sweep through the computationaldomain. A more general
approachhasbeen proposedby Vigneronet al.” The basicidea of the
method is to split the streamwise pressure gradient term as follows:

ap B aﬁ _ a_p n—1
% —w(£)+(1 a))(aé) (8)

where the first term on the right-hand side of Eq. (8) is calculated
implicitly during the current marching sweep and the second term
is evaluated from the previousiteration and treated as a source term.

After the splitting, the transformed Euler equations become hy-
perbolic and the Cauchy problem is well posed as an initial value
problem in the spatial coordinate £ if

yM;

0<0<Quv.c)=—"!
L+ (7 — HM?

Ecu + ‘gyv >0

)

These conditions can be incorporated into the space-marching al-
gorithm as follows:

o =min[1, cQ(u, v, ¢)] (10)

where o is a safety factor that was set equal to 0.8 in the numerical
calculations.

To account for the elliptic nature of subsonic and transonic flows
and to find the solution of the original Euler equations, the space-
marching sweeps should be repeated iteratively. These so-called
global iterations must provide the propagationof information in the
upstream direction in subsonic regions.

Note that it is impossible to use backward differences for ap-
proximating the second term in Eq. (8), as was suggestedin Ref. 7,
becauseitleadstodivergenceor growing exponentialsolutions. This
kind of divergent solution can easily be explained by an unsuccess-
ful attempt to treat the elliptic system of equationsas an initial-value
problem.

The most appropriateapproach for handling the pressure gradient
term (1 — w)op/0§& is to approximateit by a forward difference, so
that the unknown downstream pressure is lagged and taken from
the previous global iteration. In other words, the term transmitting
the information about the downstream flow conditions is treated as
a source term that provides the numerical stability in the space-
marching sweep and that corresponds to the elliptic nature of the
Euler equations for subsonic flows.

Note that a widely used approximation of the p: term

op Pi — Di-1 Pi+1 — Di
— ) =0—m + (1 — ) ——— 11
( ) e e TUTeTRE (v

is nonconservative.A simple analysis shows that this approximation
is conservativeif @; =0.5(w; —| + @; + ). It means that the approx-
imation Eq. (11) reveals conservative properties only for smooth
flows, whereas it is nonconservativeat shocks and contact disconti-
nuities, where the conservativenessis particularly important.

On the other hand, a strongly conservative approximation of the
pressure gradient term, that is,

a_P _ WP T @ —1Pi-1 +(1—@i+1)17i+1—(1—@i)17i
os /; A Ag

(12)
is much too diffusive. This can easily be shown by representing Eq.
(12) in semidiscrete form:

a_P =pi+l_l7i_wi—lpi—l_zwipi+wi+1pi+l
o0& ), A Ag
Pi+1— Di 2%p ’w
= —— - ANl | — ) - Aép; | — 13
() caa(5E)

Equation (13) may be interpreted as follows. The second term on
the right-hand side provides the switching from backward to for-
ward differences, corresponding to the hyperbolic-elliptic type of
the Euler equations. The last term is additional artificial dissipa-
tion achieving its maximum values at shocks and rarefaction waves,
where the Mach number rapidly changes.

In the present method, Eq. (8) is approximated by

0 . — D . —p.
_p =C()l‘pl Di-1 +(1_wi+1)171+1 Di (14)
Yy A Ag

Such an evaluationof Eq. (8) originallyproposedin Ref. 17 provides
conservation properties across flow discontinuities, which are very
important for calculating transonic and supersonic flows. To show
that the preceding approximation of the term 0p/0¢& is strongly
conservative, we rewrite Eq. (14) as follows:

(%) -

o pi (L= )pivr —loypioi + (1 = o) p;]

Az (15)
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. . R
By defining a new pressure value p© at the i + 5 point as

P;+ =@ 1pi + (1 — @0+ 1)pi+1

1ol

Eq. (14) can be represented in strong conservation form

c

d Pi L 7Py
(a_lg) —_‘*t7 73 (16)

Consequently, Eq. (14) leads to the conservative approximation of
the streamwise pressure gradient term.
To apply this technique, the flux vector E is split into two parts,

E=E +p E = (1/J)(EE" + &F)

P* =10,(&/J)p, (&/J)p, 01" a7

By substitution of Egs. (8) and (17) in Eq. (3), the final form of the
governing equations becomes

OF" , oF P AN s
2e Ton - °\%E (1-w 2e (18)
where the first term on the right-hand side is calculated implicitly
and the second term is taken from the previous global iteration and
treated as a known source term during the current global iteration.
We want to emphasize that the splitting just presented differs
from the Vigneron et al.” flux vector splitting where the term wp
is included into the flux vector E . The parameter o is function-
ally dependenton M, and its derivativeis discontinuousat M =1.
Furthermore, is a discontinuousfunctionat shocksand contactdis-
continuities. Therefore, the Vigneron et al. splitting, which implic-
itly containsthe term pd /0 &, may exhibitnonphysicaloscillations
near the sonic line and at strong discontinuitiesof the solution. The
splitting represented by Eqs. (17) and (18) enables one to eliminate
the term w: from the governing equations. That ensures nonoscil-
latory behavior of the numerical solution both in the vicinity of the
sonicline and near strong gradients of the streamwise Mach number.
The solution of the original Euler equations [Eq. (3)] is found
by repeated space-marching sweeps through the computational do-
main. However, this approach may require a large number of itera-
tions because a signal is propagated only one station upstream for
each global iteration. To accelerate the convergence of the iteration
process, a parabolic pressure-correctionprocedureis proposed. This
method is described in Sec. V.

IV. Numerical Method

A. Fully Coupled Iterative Method

As already mentioned, for subsonic, transonic, and supersonic
nonseparated flows, the modified Euler equations [Eq. (18)] are
hyperbolic in the marching coordinate &. Taking into account the
analysis described in the preceding section, the derivatives in the
streamwise direction & in Eq. (18) are evaluated by implicit first-
order backward differences for 9E /2 & and woP*/0& terms and by
forward differences for the pressure gradient term (1 — w)o P*/9&.
Without specifying the discretizationof the derivativesin the trans-
verse direction 7, one can write

E;_E;—l oF Pi*_Pi*—l
_— + | — = —0,—
A on/, A

prot—pr

—( o) (19)
One of the algorithms employed frequently for solving Eq. (19)

is the coupled noniterativemethod originally proposed by Vigneron
et al.” The main idea of the method is to apply the implicit approxi-
mate factorizationalgorithm of Ref. 18 to the governing equations,
so that the system of nonlinear equations (19) is linearized in the
neighborhoodof the section & =¢; _ ;. However, the solution of the
linearizedequationsonly approximatesthe solution of Eq. (19). The
discrepancy between these two solutions can be perceptible when
the streamwise gradient of the solution is sufficiently high or when

the integration step size A& is large. On the other hand, some im-
portant physical properties of the nonlinear equations may be lost
because of the linearization.

To find the solutionof the originalnonlinearequations(19), a fully
coupled iterative procedure is proposed. Instead of the linearization
of the nonlinearequations(19) with respectto the previousmarching
station & =¢&; _| as in Ref. 7, we apply the Newton iterative method
to the entire nonlinear system of equations Eq. (19), rather than to
each equation separately as it was done in Refs. 6 and 9-11. That
results in the following linear system of equations written in the
delta form:

1 (oF k+ o (oF\' 1-aw —w. (oP"\ AR
ae\aUu ), oan\ovu), A& aU ), '
E‘-E_, (oF\' P*-P*,
= —-q—+ - +COI‘—
Ag on}, Ag
P.*n_l—P.*k
+ 1_ ; i+1 i 20
( am)—A5 } (20)

The main difference between Eq. (20) and the factorizationalgo-
rithm is that at every marching station &; the left-hand side of Eq.
(20) becomes zero upon convergence. This implies that Eq. (19),
which corresponds to the right-hand side of Eq. (20), is satisfied at
each marching station. It is important to emphasize that the iterative
scheme [Eq. (20)]is convertedto the noniterativelinearized scheme’
if the initial guess required for the Newton algorithm is taken to be
equal to the solution found at the previous marching station &; _ |
and only one iteration is performed. Also, the solution of Eq. (20)
enablesone to estimate the error introduced by the approximate fac-
torization. In the neighborhoodof strong gradients in the flowfield,
as well as near wall slope discontinuities, the underrelaxationof the
predicted solution was used. Numerical calculations show that to
reduce the residual to the desired convergencelevel (€ = 1079) only
two to six Newton iterations are required.

The main disadvantageof the iterative approachis the additional
computational effort due to the iterations. This difficulty can be
partly overcome by using larger grid spacing in the marching di-
rection than for the noniterative algorithm. This is possible because
the fully coupled iterative method is more stable and more accurate
than its noniterative counterpart. The linearizationintroduces some
additional errors that makes the numerical algorithm more unsta-
ble, whereas the iterative scheme reduces the factorization error to
zero at every marching station, which improves both stability and
accuracy.

B. Finite Difference Scheme

A very broad class of approximations can be applied to evaluate
the derivatives in the transverse direction n. To capture flowfields
with strong shock waves and contact discontinuities, a difference
scheme should have the following properties: 1) conservativeness,
2) high-order accuracy, 3) quasi monotonicity.

The symmetric total variation diminishing (TVD) scheme de-
veloped by Yee!® meets all three of the preceding demands. The
conservativenature and second-order accuracy of this TVD scheme
ensure the resolution of flow discontinuities without spurious oscil-
lations and with only small numerical dissipation resulting in the
smearing of shocks and contact discontinuitiesover 1-3 grid cells.

The conservative approximation of the derivative F, is given by

(f) -t @1
onj; An

The corrected numerical flux for the second-order symmetric TVD
scheme'? is
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where the components of the vector @; , 1/, in Eq. (22) are defined
by

A& :
! _ ! ! ! _nl !
¢’*%_[An(a’*%) Q’*%W(a’*%)(l Q’*%)]a’*%

(23)
with
Rj-l%(U,+1 -U) " Izzl, . lz| =6
a., | =—- w(z) = +
it3 0.5(J; 41 + J;) z 5 lz| < &
(24)

The TVD correction of the numerical flux vector F i +1/2 in Eq.
(22) results in the scheme approximating the transverse derivatives
with second-orderaccuracy in regions where the solution is smooth
and with first-order accuracy near local extrema and discontinuities
of the numerical solution.

The limiter Q’j + 1,2 1nEq. (23) determinesthe principaldissipative
properties of the TVD scheme and is responsible for the feedback
mechanism that enables one to control the numerical dissipation
in accordance with the ratio of the neighboring gradients of the
characteristic quantities.

The limiter Q’j +1/2 used in this paper is calculated as follows:

Qi,+% = max{0, min(2r~, 1) + min(2r*, 1) — 1} (25)
where the ratios of the neighboring gradients of the characteristic
variables are given by

Numerical calculations of the Riemann problem have shown that
the limiter equation (25) produces steep shock wave fronts and does
not lead to the production of spurious oscillations in the vicinity of
strong gradients of the solution.

The TVD scheme [Eqs. (20-25)] is defined with a five-point grid
bandwidth including the points from j —2 to j + 2 in the coordi-
nate 7. Nevertheless, the linearized system of equations (20) has a
block-tridiagonal matrix instead of a block-pentadiagond matrix.
In fact, the five-point grid bandwidth of the present TVD scheme
is determined by the limiter Q’j + 12> Which depends on the solution
found at the previous Newton iteration. For that reason, the limiter
is a known function at the current Newton iteration. Hence, at the
marching level &, the bandwidth of the scheme [Eq. (20-25)] in-
cludes only three grid points that resultin a block-tridiagonalmatrix
on the left-hand side of Eq. (20). This matrix can be reversed by the
standard block-elimination procedure.

The finite difference scheme [Eq. (20)] is only a first-order ac-
curate algorithm with respect to the coordinate &. To constructa
second-order scheme in &, the three-step implicit Richardson
method is employed.

Step 1:

1 (oE™\ L2 aF\
A§/2 oU i— L an oU i— L

l—o_y—o (5P -
- AT,
AE[2 U ), _. i-z
~ *kk ~ % - *k _ p*k
N S Sk I (- NN S
AE[2 on)._y 7T A&2
P;‘"“—Plf"‘_l
+ (-0 z
(I =o)—7=73
= :k =
Ui_%=Ui_%+AkUl_% (26)

Step 2:
L (RET\', 2 (3F\ _l-e—onyopN]
AE2\3U ), an\oU ), AE/2 aU ), '
~ xk ~ *k *k
_ JE -E_y R\ PP
AE[2 an). T A&
P*n+—ll_P;<k
+ (1- =
( “’”%) AE/2
= :k =
U, =U, + A'T; (27
Step 3:

1 (oF k+ o (F\" 1-w —aw (2P AT
AE\AU ). an\oU ), A& au ), !
E;k_E;—l oF * Pi*k_Pi*k—l

= —-Q3—+ | — +COI'—
A onj; A
+a )P?’i_ll -p
@; + 1 AE
0,‘ =0,‘k + Akﬁ,‘ (28)

To get second-order accuracy with respect to &, the resulting so-
lution at the marching station &; is calculated as

S

U,‘ =2 i l_]l‘ (29)
It can be shown that the first-order approximationof the streamwise
pressure gradientcomponent Eq. (24) combined with the three-step
Richardsonscheme results in a second-order-accuratealgorithm for
smooth flows.

In a manner similar to the scheme in Eq. (20), the derivatives
0/0mnin Egs. (26-28) are discretized by the second-order-accurae
TVD scheme [Egs. (21-25)].

Numerical results show that the Richardson scheme [Eqs. (26—
29)] can be applied to capture strong shock waves and contact dis-
continuities with small numerical diffusion. One of the main advan-
tages of the Richardsonscheme is that the method is unconditionally
stable. Therefore, it is possible to use large integration steps in the
marching direction. The second-order upwind approximation and
the good dispersive properties of the Richardson scheme enable one
to resolve strong discontinuities with high accuracy and practically
without nonphysical oscillations. In all test cases presented, shocks
are smeared on one to two grid cells.

If the boundary conditions are treated explicitly, even though in-
terior points are solved by implicit schemes, a Courant-Friedrichs-
Lewy number of 1.0 will be the maximum possible for stability. To
avoid this restriction, the boundary conditions (4-7) are approxi-
mated implicitly. The main difficulty that arises is associated with
an implicit approximation of the boundary condition (7) imposed
at a rigid surface. Inasmuch as it follows from the characteristic
analysis of the Euler equations, the only boundary condition im-
posed at an impermeable wall is Eq. (7). To determine the other
flow quantities, two types of impermeable wall conditions are im-
plemented,dependingon the freestreamMach number. For subsonic
and transonicflow problems, the wall boundary conditionsproposed
in Ref. 20 are employed. An approach elaborated in Ref. 21 is ap-
plied to calculate boundary points for fully supersonic flows. These
nonlinearboundary conditions can be represented in vector form as

B(U,) + C(U) =0 (30)

By the applicationto the nonlinearequations (30) of the same New-
ton iterative method as for the difference scheme, one can write
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2B \' ac\*
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The linear system of equations (31) is naturally incorporated into
the numerical algorithm [Egs. (26-28)], and the factorization error
is reduced to zero at the boundary points as well as in the interior
of the computational domain.

V. Parabolic Pressure-Correction Procedure

For essentially subsonicflows, the convergencerate of the method
of global iterations is slow because in subsonic regions the pressure
correctiondue to the use of forward differences can propagate only
one station upstream per iteration. Thus, as many iterations as there
are grid pointsin the marching direction should be executed until the
downstreamboundaryconditioninfluencereachesthe inlet. Because
the information about the solution is transmitted from the previous
iteration to the current global iteration by the pressure field only,
the convergence of the iteration process can be accelerated by an
appropriate pressure-correctionprocedure.

To derive a parabolic pressure-correctionequation that takes into
account the characteristic properties of the Euler equations, an aux-
iliary Poisson equation for the pressure field is employed. Dif-
ferentiating the £-momentum equation with respect to & and the
n-momentum equation multiplied by an arbitrary constant p with
respect to 11 and summing both equations, we obtain the following
Poisson equation:

YnPee ¥ UXePyy — (Xy + 1Y) Pey
+ (1 = Dlxgnpy = yenPel = yo(pe)e + uxe(py)y
= (g + 1y )(pe)n + (1 = Dlxey(pn) = yen(pe)l (32)

The constant u plays the role of a diffusion factor. The compo-
nents of the pressure gradient on the right-hand side of Eq. (32) are
calculated from the momentum equations of the Euler system of
equations.

Because the velocity components, total energy, density, and pres-
sure are computed using the coupled algorithm [Eq. (20)], there is
no need to use the separate pressure Poisson equation to satisfy the
continuity equation as is done in Ref. 12. In the present method, the
continuity, momentum, and energy equationsare satisfied automati-
cally at each marching station. It should be emphasized that Eq. (32)
isrequired only to construct the parabolic pressure-correctionequa-
tion needed to accelerate the convergenceof the pressure-relaxation
procedure.

Let us consider three different pressure fields: 1) the pressure
distribution p calculated from the current marching sweep, 2) the
pressure field p" ~! found from the previous global iteration, and
3) the corrected pressure field p” required for the next global itera-
tion. The pressure correction equation can be derived by calculating
the left-hand side of Eq. (32) using the corrected pressure values,
whereas the right-hand side is treated as a source term and is ap-
proximated by the finite difference scheme (20-25). To simplify
the Poisson equation written earlier, we assume that the corrected
values of the first and mixed derivatives in Eq. (32) are equal to the
similar terms on the right-hand side and can, therefore, be canceled,
yielding

P+ uxepy, = yy(Pe)e + uxe(Py)y (33)

By taking into account the streamwise pressure gradient splitting
Eq. (8), one can rewrite Eq. (33) as follows:

d op" d op" 2p"
”BEG%§)+5EQI_@65)]+““6¢

N N AANE: op"”! *p
e G e (Rl e

Because the first term in Eq. (34) is incorporated implicitly into
the streamwise marching process, this term can be treated as the

corrected pressure gradient value and set equal to the analogous
term on the right-hand side, so that Eq. (34) is reduced to give

k) apn aZPn
Mn3E ((1 - w)E) + WX

_ k) B apn—l aZﬁ
_yng((l ) E )+NX§W (35)

Approximating the left-hand side with central differences and us-
ing the same approximation for the the right-hand side as in the
difference scheme, we can write Eq. (35) in difference form:

P?—l,,’ - 217?,] + P7+1,,’

(yn)i,j(l - )

AE?
o =2pl +
+/J(Xg)i,,~pw 1 AP,, Pi,j+1
P
~ n—1 ~ n—1
Pi—ij—Pij —Pij ¥t P,
= (yn)i,j(l - ) ! IA§2 ! L
ﬁij—l _2ﬁij +ﬁij+1
+p(xg); =2 ’ ’ 36
m(xe), A (36)
Equation (36) has been obtained assuming that o only weakly de-
pendson &.

To avoid the solution of the elliptic equation, we parabolize Eq.
(36) so that the streamwise pressure gradientterm at point (i — 1, j)
is assumed to be equal to the corrected pressure gradient term eval-
uated at the same point:

Pl =Py =P = Pio (37)
Substituting Eq. (37) into Eq. (36) and defining pressurecorrections
as

~ n—1

€, =D =Pl s, =r}; - (38)

we derive the following finite difference equation:
WS = Ruy+ (1= a)]6; + 118+

=€, 1 —Rut(I-w)le; + €1 —(1—0)G 41

(39)

with p, =(xe/y,)i(AE*/ AP ). Equation (39) is a parabolic
pressure-correctionequation for 6.

The numerical solution procedure can be represented as a pre-
dictor-corrector scheme. In the predictor step, the modified Euler
equations (18) are solved using the space-marching method based
on the streamwise pressure gradient splitting Eq. (8). This generates
P that, together with the pressure p" ~! obtained from the previous
globaliteration,is used in the correctorstep (39) to find the corrected
pressure field p”.

As a result of the solution of (39), the pressure correction caused
by the downstream boundary condition &; ; =€, ; is rapidly propa-
gated from the outflow to the inflow boundary. If an excessive skew-
ing of the transverse pressure profiles is caused by the correction
equation (39) the diffusion factor u should be increased. It allows
one to control the degree to which the transverse pressure profiles
are preserved. In the present calculations the diffusion factor 4 was
varied from 50 to 80.

In contrast to the approach developed in Ref. 4 for incom-
pressible flows, the present pressure-correction procedure can be
employed for the compressible form of the Euler equations at
all speeds. Indeed, in regions where the flow is subsonic and,
consequently, according to Eq. (10), o < 1, the parabolic pressure-
correction procedure transmits information in the upstream direc-
tion that corresponds to the elliptic nature of Eq. (3). At the same
time, for supersonic flowfields, w =1, and Eq. (39) can be solved
analytically, yielding

& =€ (40)
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Fig.1 Computational61 X 21 grid.

Equation (40) means thatno correctionsare made in supersonicflow
regions.

Consequently, the parabolic pressure-correction procedure (39)
can be applied for both subsonic and supersonic flowfields and is
consistent with the characteristic properties of the governing equa-
tions. It should be emphasized that the computing time required to
solve the parabolic equations (39) is much less than the computa-
tional effort needed for executing one space-marching sweep.

Numerical calculationsshow thatunderrelaxationof the predicted
pressure correction is necessary; therefore, the resulting pressure
field is calculated by

Pl =pi; + 18, (41)

where 7 is a relaxation parameter (0 < 7 <1), which was chosen
0.5 for subsonic and transonic calculations presented.

VI. Results and Discussion

To validate the present iterative space-marching method for cal-
culating inviscid flows ranging from fully subsonic to transonic and
fully supersonic, the flow in a channel with a circular arc bump
has been chosen as a test problem. This problem has been studied
and, therefore, is well suited for code testing. Two circulararc bump
thickness-to-chordratios were used: 10% for subsonicand transonic
simulations and 4% for supersonic flow calculation. The duct width
is equal to the bump chord length, and the channel length is equal
to three bump chords. A typical 61 X21 nonuniform grid used for
subsonic and transonic calculations is shown in Fig. 1. The grid
points are stretched in the bump region and near the lower wall. For
supersonic calculations, a uniform grid in both spatial directions is
employed. In the subsonicand transoniccases, the nonuniformgrids
are symmetrical with respectto the bump midchord, whereas for the
supersonic flow problem, half of the physical domain in front of the
bump is cut off and not calculatedbecause the flow is uniformin this
region. For all test calculations, the flow in the channel is initially
uniform with the far upstream flow properties. The outflow static
pressure is imposed so that the static-to-stagnation pressure ratio
corresponds to the far upstream Mach number in one-dimensional
steady isentropic flow. The solution is assumed to have reached
steady-state when the maximum pressure residual

max |1 = pi 7/ piy| /T
1]

is less than a prescribed error level, which was set to 107 in our
calculations.

A. Subsonic Flow Test

In the first test problem, the subsonic inviscid flow with an up-
stream Mach number M_,, =0.5 in a channel with a 10% circular
arc bump on the lower wall is calculated. Figure 2 shows iso-Mach
lines of the steady-state solution calculatedon a 51 X 16 grid using
the proposed method of globaliterations together with the parabolic
pressure-correction procedure. A little asymmetry is seen on the
lower wall, which is apparently caused by the numerical imple-
mentation of the wall boundary condition (6) at the singular points.
To estimate the effect of grid spacing on the numerical solution,
the Mach number distributions along the lower and upper walls ob-
tainedon31 X 11,51 X 16,and 81 X 31 grids are compared with the
calculations of Eidelman et al.?* in Fig. 3. As one can see, all of the
computed surface Mach number distributionsare in good agreement
with the numerical results of Ref. 22. Note that the second-order
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Fig. 2 Iso-Mach lines for subsonic flow M_ , =0.5 in the duct with
10% circular arc bump.
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Fig. 3 Surface Mach number distribution for subsonic flow M_ , =
0.5 in the duct with 10 % circular arc bump.
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Fig.4 Convergence history for subsonic flow M_ , = 0.5 in the duct
with 10% circular arc bump.

Richardson scheme has very good dissipation properties resulting
in a better resolution of the local extrema of the solution than the
second-orderupwind TVD scheme used in Ref. 22. The main reason
for that behavior is that, in contrast to the Richardson approxima-
tion, the TVD scheme is only a first-order method in the vicinity of
local extrema of the solution. For the 51 X 16 grid, the convergence
histories obtained using the basic iterative space-marching method
without the pressure-correctionand alternatively with the parabolic
pressure-correctionprocedure are compared in Fig. 4. The conver-
gence acceleration factor due to the pressure correction procedure
is about 20 for this test problem.
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Fig.5 Iso-Machlines for transonic flow M_ , = 0.675 in the duct with
10% circular arc bump.
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Fig. 6 Surface Mach number distribution for transonic flow M_ =
0.675 in the duct with 10% circular arc bump.

B. Transonic Flow Test

In the second test calculation, the same duct geometry as for the
preceding problem is considered, but the upstream Mach number
was chosen as M_,, =0.675. Figures 5 and 6 present iso-Mach
contours and the wall Mach number distribution, respectively. The
upstream Mach number is sufficiently high to produce a local super-
sonic region on the bump. The supersonic region is terminated by
a shock located at 73% of the bump chord, as shown in Fig. 5. One
can see in Fig. 6 that the grid refinement leads to sharper profiles
of the solution at the shock and at the leading and trailing edges of
the bump, whereas in the smooth part of the solution, the results
are practically unchanged and in good agreement with calculations
presentedin Ref. 22. For all of the grids used, the shock is smeared
only over two grid cells. As in the preceding test example, the ap-
plication of the Richardson scheme results in better resolution of
the local extrema of the solution compared to the numerical re-
sults of Ref. 22. To demonstrate the convergence acceleration due
to the pressure-correction procedure, two histories of convergence
obtainedonthe 61 X 21 grid are shownin Fig. 7. Toreachthe steady-
state solution, about 430 global iterations were required using the
basic method of global iterations, whereas less than half of this num-
ber was needed when the pressure-correctionprocedure was applied
after each marching sweep.

C. Supersonic Flow Test

The last test problem is the supersonic inviscid flow with the up-
stream Mach number M_,, =1.65 in a channel with a 4% circular
arc bump. Because the flow is supersonicin the whole physical do-
main, two oblique shocks are generated at both ends of the bump.
The leading-edge shock is reflected from the upper duct wall and
then interacts with an expansion fan generated by the circular arc
bump. Then the reflected shock wave interacts with the trailing-edge
shock. After the interaction, both shock waves leave the computa-
tional domain. To demonstrate the ability of the present method to
resolve shocks, rarefaction waves and their interaction iso-Mach
contours calculated on a 61 X 31 grid are presented in Fig. 8. As
with the preceding test problems, the grid convergence analysis has
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Fig. 7 Convergence history for transonic flow M_ , =0.675 in the
duct with 10% circular arc bump.
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Fig.8 Iso-Mach lines for transonic flow M_ ,, =1.65 in the duct with
4% circular arc bump.
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Fig.9 Surface Mach number distribution for transonic flow M_ =
1.65 in the duct with 4% circular arc bump.

been performed. Figure 9 shows the comparison of the wall Mach
number distributions computed on 41 X 21,66 X31,and 101 X51
grids with the numerical results of Ref. 22. The agreement is very
good; however, the present scheme captures the shocks at the lead-
ing and trailing edges of the bump within one grid cell, whereas
the second-orderupwind TVD scheme? results in the smearing of
the shocks over three grid cells. Note that as the shocks propagate
across the channel the numerical dissipation smears the discontinu-
ities over two grid cells. For this test problem, the present iterative
space-marchingmethod simplifies to a single marching sweep. That
happens because the flow is fully supersonic, and as follows from
Eqgs. (8-10), the streamwise pressure gradient component can be
calculated implicitly in the entire computational domain, that is,
® =1.0in Egs. (17) and (18).
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The typical computational time required for solving the first test
problem, which was the most time consuming, was about 15 min
on a Hewlett-Packard 9000/780/160 work station if the parabolic
pressure-correctionprocedure was employed.

VII. Conclusions

A new method of globaliterationsbased on the fully coupleditera-
tive space-marchingtechniqueand the parabolicpressure-correction
procedurehas been developed to solve the Euler equations for com-
pressible fluid flows. The main advantage of this approach is that
the same method can be applied to calculate compressiblesubsonic,
transonic,and supersonicflows. The globaliterationsare carried out
with respectto the streamwise pressure gradientcomponent, which
is evaluated by backward differences in supersonic regions and by
forward differences in subsonic flowfields. This approximation is
consistent with hyperbolic-elliptic propertiesof the Euler equations
for compressible flows and permits a stable space-marching sweep
to be executed at all Mach numbers. Multiple sweeps are required
to resolve the elliptic effects of subsonic and transonic flows. A
new fully coupled iterative scheme based on a Newton approach
is developed to solve the nonlinear system of equations resulted
from the discretization procedure. There are two main advantages
of the present technique, namely, the system of nonlinearequations
is solvedin a fully coupled manner and the factorizationerror is van-
ished on convergence.An implicit second-orderRichardson scheme
anda second-ordersymmetric TVD scheme are used to approximate
the streamwise and transverse derivatives, respectively. The present
technique allows to resolve strong shock waves, rarefaction fans,
and their interaction with small numerical dissipation and without
spurious oscillations. The new parabolic pressure-correction pro-
cedure, taking into account the characteristic nature of the Euler
equations, has been implemented to accelerate the convergencerate
of the method of global iterations. Numerical results show that the
method presented is accurate, is robust, and can efficiently be ap-
plied to solve the Euler equations for sub-, trans-, and supersonic
flows.

Although only the Euler equations are considered in the present
analysis, extension to the parabolized Navier-Stokes (PNS) equa-
tions is quite straightforwardif there is no streamwise separationin
the flowfield. Actually, as it has been shown by Vigneronetal.,” that
the same streamwise pressure gradient splitting [Eq. (8 and 9)] can
be used to make the modified PNS equations parabolicin the entire
computationaldomain. In other words, the iterative space-marching
method describedin Sec. II1is applicable for solving the PNS equa-
tions for sub-, trans-, and supersonic flows if no streamwise separa-
tion occurs. The main difficulties associated with the application of
the presentiterative space-marchingmethod to viscous flows is flow
separation. To overcome this obstacle,a new streamwise flux vector
splitting has been developed. The new splitting takes into account
the elliptic properties of the streamwise convective terms that make
the space-marchingprocedurestableinregionsof flow recirculation.
This method will be the subject of a forthcoming paper.
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